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Abstract-The break-down ofthe conductive regime in a laterally heated vertical slot is shown to be associated 
with the inward penetration of nonlinear convective effects from the ends of the slot. This penetration can occur 
in twoquitedistinct ways,dependingon the Prandtlnumberofthefluidand theaspect ratio oftheslot. At finite 
and small Prandtl numbers it takes the form of an imperfect bifurcation at a critical value of the Rayleigh 
number, leading to the establishment of a multiple-roll state throughout the slot. At larger Prandtl numbers 
there is a different transition process in which convective effects gradually penetrate inwards as the Rayleigh 
number increases. In this case the solution of an eigenvalue problem provides a quantitative measure of the 

transition, which leads to the so-called ‘convective regime’ in the slot. 

1. INTRODUCTION 

THE FLOW generated in a two-dimensional vertical slot 
by maintaining its sides at different constant 
temperatures has been widely studied following the 
theoretical work of Batchelor [l] and the experiments 
of Eckert and Carlson [2], Elder [3] and others. In 
recent years attention has focused on numerical 
simulations of the full Boussinesq equations governing 
the flow in the slot, [47], and relatively little work has 
been done to elucidate the formal asymptotic structure 
at large Rayleigh numbers. This is particularly true in 
relation to the complicated flow near the ends of the 
slot. 

The general nature of the transition from the 
conductive regime described in [l] to the boundary- 
layer regime described by Gill [8] is well established 
and is described to some extent by an approximate 
solution introduced in [3] and later widely used as a 
basis for stability analyses of the flow [S-12]. However, 
this solution is a reasonable approximation only near 
the mid-level of the slot where horizontal velocities are 
small. Much less is known ofthe flow structure near the 
ends of the slot, although as the Rayleigh number is 
increased it is here that convective effects first become 
significant and subsequently penetrate into the core of 
the slot to produce a convective regime. From a 
mathematical viewpoint the value of the Prandtl 
number, c, is found to have a crucial bearing on the 
character of the end-region solution and the nature of 
the penetration process. This is because at any finite 
value of g the conductive solution is subject to a 
stationary instability which is forced by the end-zone 
dynamics, leading to an imperfect bifurcation and the 
propagation of multiple rolls into the core region of 
the slot. However, for infinite Prandtl number this 
instability is suppressed and a different type of 
penetration occurs in which the end zone subdivides 
into several distinct regions (Section 4). The outermost 
of these is governed by the vertical boundary-layer 

equations and it is this region that spreads and carries 
convective effects into the core of the slot. The vertical 
length scale associated with this process is found from 
the solution of an eigenvalue problem in Section 4 and 
this establishes a quantitative measure of the onset of 
the so-called ‘convective regime’. 

The flow is assumed to be two-dimensional. The 
quite different characteristics of the end-zone solution 
for finite and infinite Prandtl number are discussed in 
Section 3, and the structure of the solution in the latter 
case is analysed in Section 4. In practice, the assumption 
of infinite Prandtl number is less restrictive than might 
at first be imagined since even at moderate values of Q, 
conductive instabilities of both the stationary form 
(referred to above) and the travelling-wave type [ 10,133 
occur only at very high values of the Rayleigh number 
(see Section 3). Thus even at moderate values of u the 
conductive base flow can give way to the more gradual 
penetration process associated with the infinite Prandtl 
number limit (Section 4) throughout the entire slot 
before the critical Rayleigh number for conductive 
instability is exceeded. This is discussed in greater detail 
in Section 5 ; in such circumstances the conductive 
instabilities are never relevant and the flow remains 
stable into the convective regime. This type of situation 
is consistent with the experimental observations of [3]. 

2. GOVERNING EQUATIONS 

The slot is defined by the region 0 < x* < I*, 
0 < z* < h*, with the vertical sidewalls x* = 0 and 
x* = I* maintained at constant temperatures T,1 and 
Tz + AT*, respectively. Non-dimensional variables of 
temperature, velocity and length are defined by 

T* = T,* +AT*T(x,z) (1) 

(a*, w*) = K(U, w)/z* (2) 

(x*, z*) = I*(x, z), (3) 
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NOMENCLATURE 

A Rayleigh number x, 2 non-dimensional coordinates 

AC critical Rayleigh number x*, z* coordinates 

! 
acceleration due to gravity ?, z scaled vertical coordinates. 
aspect ratio of slot (height/width) 

h* slot height 
1* slot width Greek symbols 

P non-dimensional reduced pressure u, a eigenvalues of end-zone solution 
T non-dimensional temperature B coefficient of thermal expansion 

L 
non-dimensional core temperature 64 eigenfunctions of end-zone solution 

T; 

scaled temperatures K thermal diffusivity 
temperature V kinematic viscosity 

T: temperature of cold wall Prandtl number 
AT* temperature difference across slot ; non-dimensional stream function 

u, w non-dimensional velocity components kC_ non-dimensional core stream function 
u*, w* velocity components II/,* scaled stream functions. 

where K is the thermal diffusivity. The Boussinesq 
equations governing the steady motion of the fluid are 
then given by 

&+E=O (4) 

(5) .+g+wg)= -g+vu 
CT-+g+w;)= -z+V'w+AT 

aT ar 
uax+wdz=V2T, 

(6) . , 

(7) 

where p is the non-dimensional reduced pressure. The 
Prandtl number r~ and the Rayleigh number A are 
defined by 

IJ = V/K, A = figAT*l*3/q (8) 

where v is the kinematic viscosity and fi is the coefficient 
of thermal expansion. 

The boundary conditions on the vertical sidewalls 
are 

u=w=T=O on x=0 

u=w=O, T=l onx=l I 
(9) 

and the horizontal walls are assumed to be adiabatic so 
that 

dT 
u=w=~=O on z=O and z=h, (10) 

where h = h*/l* is the vertical aspect ratio of the slot. A 
stream function $ is also introduced where 

(11) 

The motion in the slot is controlled by the three 

parameters 0, A and h. The present work is concerned 
chiefly with the structure of the flow near the ends of the 
slot when h is large. 

3. THE END-ZONE STRUCTURE 

The flow in the slot is characterised by several 
different regimes which are identified by the relative 
sizes of the Rayleigh number, A, and the aspect ratio, h, 

the latter being assumed large. The first of these 
corresponds to A of 0( 1) when thecoreflow throughout 
most of the slot is the conductive solution 

where 

T = T,, IL = A$,, (12) 

I&=x, $,=&l-x)? (13) 

This linear solution, originally given in [ 11, is actually 
an exact solution of the full equations (4)(7), 
representing an anti-symmetric vertical motion with 
fluid ascending in the hotter half of the slot (x > 4) and 
descending in the cooler half (x < *). Near the ends of 
the slot the fluid must be turned and the solution (12) is 
clearly invalid. Since the overall motion can be assumed 
centro-symmetric (see [S]) only the solution at the 
lower end of the slot need be considered, and it is clear 
that if A is of 0( l), the motion in the end zone 0 < x < 1, 
0 < z < co is governed by the full nonlinear Boussinesq 
equations (4H7) with boundary conditions given by (9) 
onx=Oandx=landby 

t+!f=g=$=O on z=O. (14) 

The motion is generated by the final condition 

$-A$,, T-+T, as z-+co, (15) 
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which must be satisfied if the solution is to match with where the possible values of a are the solutions of the 
the core solution (12). eigenvalue problem 

Thus the regime where A is of O(1) is identified by the 
presence of nonlinear inertial and convective effects in 
roughly square zones at each end ofthe slot and the flow 
is determined by solutions of the full Boussinesq 
equations subject to (9), (14) and (15). Although it is 
hoped that a numerical scheme similar to that used by 
Hart [14] in a related problem will eventually provide 
detailed flow patterns for different values of c and A, the 
aim of the present paper is to identify the main features 
of the solution and in particular the development of the 
end-zone structure as A -+ co, when, in the limit of 
infinite Prandtl number,convectiveeffectsfirst begin to 
influence the core flow (Section 4). 

8” + a28 = aA($@ - 4) (22) 

c#f”‘+2a2#“+a4$ = o’+ y {(~~$~--$f’)~$+$~cf’} 

(23) 

0 = # = C#J’ = 0 on x = 0 and x = 1, (24) 

obtained from linearisation of (4)-(7). It is easily shown 
that if IX, 0(x), #(x) are solutions of (22w24) then so are 
-a, @( 1 -x), - @( 1 - x) and, for complex a, so also are 
a*, e*(x), t$*(x) where * denotes complex conjugate. 

The opposite limit, A -+ 0, is ofless interest since then 
the flow throughout the entire slot is linear. The end- 
zone solution can be expanded as 

T= T,+AT,+ . . . . i/t = A(~~+~,~+ . . . . (16) 

where, from (4)-(6), $r satisfies the biharmonic 
equation 

V4$, = 0, (17) 

with boundary conditions 

+r+o on x = 0 and x = 1 

$r = -$,, ++o on z=O (18) 

$1-“+0 as z-+00. 

The solution can be expressed as a sum of exponentials 
exp (---a~) whose coefficients are eigenfunctions in x 
associated with (complex) eigenvalues a. The properties 
ofthis type ofsolution of the biharmonic equation have 
already been discussed in detail [IS-181. The solution 
for I/J I is clearly an even function of x -f. 

Once(l/, isdetermined, the heatequation(7)isused to 
obtain the first correction to the temperature field, T,, 
which is the solution of 

The asymptotic forms (21) are consistent with a 
complete solution of the end-zone problem only if the 
system (22)-(24) has a triply-infinite set of eigenvalues 
with positive real part. This is certainly true for small 
values of A where, as A + 0, there is one set of real 
eigenvalues obtained essentially from the LHS of (22) 
and given by 

amnn, 0%sinnkx, #=0(l), (n=l,2...) (25) 

and two further sets which are the complex conjugate 
solutions with positive real part of 

sin2 a-a’ -5 0. (26) 

The latter solutions correspond to the eigenfunctions 

(b N sin ax-ax cos ax +(LY cot a - 1)x sin ax, (27) 

associated with the LHS of (23); even solutions for (p 
correspond to the complex roots ofsin a + a= 0, which 
have been tabulated by Robbins and Smith [19], while 
the odd solutions correspond to the complex roots of 
sin a-a = 0 tabulated by Hillman and Salzer [20]. 
The leading eigenvalues are associated with an even 
eigensolution and are given by 

a = 4.21 k 2.263. (28) 

Further properties of these eigenfunctions have been 
derived in connection with the solution of the 
biharmonic equation in a semi-infinite strip, [lS-tS], 
with applications in elastic structures as well as fluid 
flow [21]. In the present problem the results are 
relevant only as A 3 0 and it is only in this limit that the 
eigenfunctions of (223-124) divide naturally into even 
and odd sets. 

V21” -!!!b 
I- aZ' (19) 

subject to 

T1 = 0 on x = 0 and x = 1, 

-=0 on z=O, TX-+0 as Z-+GO. 
aZ (20) 

The expansions (16) can be further extended in a 
straightforward manner. 

One fundamental property of the end-zone problem 
atgeneratvaIuesofAconcerns thenatureofthed~ayof 
the solution to the outer boundary conditions (15). As 
z -+ co, solutions that satisfy (15) have asymptotic 
forms 

T N T, + @(x) exp ( - az), 

$ * A#,+#(x)expf-az% 
(21) 

For higher values of Asolutionsmust be obtained by 
numerical means but some crucial information can be 
inferred from stability analyses of the conductive 
solution (12) in an infinite vertical layer. The eigenvalue 
problem (22)-(24) is precisely that obtained in the 
analysis of the stability of the system to (transverse) 
stationary disturbances [9,22,23] ~tho~gh there, of 
course, interest centres on solutions with a purely 
imaginary. The first purely imaginary root (as A 
increases) occurs at 

A = A, z 7880a, (29) 

and this result appears to be valid (to within a few 
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percent) for all Prandtl numbers (see [9, 121); for 
A > A, the system (22)-(24) has purely imaginary 
solutions for LY that generate the neutral curve given in 
[9]. In the present context this implies that the 
necessary triply-infinite set of eigenvalues with positive 
real part does not exist for A > A, and a solution of the 
end-zone equations satisfying (15) is no longer possible. 
As A increases beyond A, the short length-scale rolls 
associated with the instability are forced into the core 
zone, destroying the conductive state given by (12). This 
is an example of a smooth transition (or imperfect 
bifurcation) to a multiple-roll state throughout the slot ; 
similar situations have been analysed in Rayleigh- 
Benard convection [24-261 and Taylor-Couette flow 

c271. 
Although the present work is concerned only with 

the basic steady-state solution in the slot, it should be 
added that the results of [lo] indicate that a (perfect) 
bifurcation to a travelling-wave state would be 
expected when 

A - 94000”~ (u >> l), (30) 

which is actually a lower critical Rayleigh number than 
that for the onset of the stationary instability (29) when 
the Prandtl number is large. Further results for finite 
Prandtl numbers, [ 133, have actually established that 
the travelling-wave disturbances have a lower critical 
Rayleigh number if 0 > 12.7. 

In view ofthe above considerations, it is interesting to 
note that in Elder’s experiments [3] the end zones were 
explicitly observed to be regions of strong damping and 
secondary-roll motions were always seen first near the 

centre of the slot. However, the experiments were 
performed with fluids of large Prandtl number 
(Q z 103) indicating the possibility that neither of the 
conditions (29) or (30) is met before the conductive 
solution is destroyed by the more gradual penetration 
ofconvective effects into the core region associated with 
the limiting process A + co. Mathematically, this 
situation can be modelled by the assumption that Q = 
co so that neither of the conditions (29) or (30) is ever 
met; the end zones remain passive for all values of A and 
a possible structure for the solution as A + co can be 
proposed (Section 4) and used to estimate the 
penetration of convective effects into the core. The 
vertical scale of the core, h, becomes an important 
limiting factor in this process and in practical situations 
(Section 5) it is the size of e relative to h that determines 
whether the onset of the convective regime occurs in 
this way, rather than through the imperfect bifurcation 
process described above. 

A numerical solution of the eigenvalue problem (22k 
(24) for the case e = co using a Runge-Kutta scheme 
confirmed the absence of purely imaginary roots (a, 
which would correspond to the stationary instability 
of the basic state) for all values of A. The first two of the 
triply-infinite set of eigenvalues with positive real part 
are shown in Fig. 1. Each set has one real branch and a 
pair of complex conjugate branches. The complex 
roots, which stem from the solutions of (26) at A = 0, 
remain finite as A -+ co, while the real roots, which stem 
from the values (25), decay to zero. This latter behaviour 
is associated with the convective penetration process 
and is discussed in detail in the next section. 

FIG. 1. The first two sets of eigenvalues OL as a function of Rayleigh number, A, for infinite Prandtl number. Real 
roots are c(“), a’*‘. Complex roots are a~“+iu~“, aj2’+i@‘. 
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4. THE END-ZONE STRUCTURE AS A -+ co 

AT INFINITE PRANDTL NUMBER 

In the limit of infinite Prandtl number the end-zone 
equations (4x7) reduce to the form 

aT 
V”+ = A ax’ 

w, $1 V2T = a(x,z) , (31) 

and a structureis required for A >> 1 consistent with the 
outer conditions 

T+T,, t,b+A$, as z-co. (32) 

These forms for Tand t+G and the need to maintain a 
balance in the heat equation, indicate a main outer zone 
where z” = A- lz is of 0( 1) and 

T N 7(x, 3, ti N A+, 3, (33) 

where the governing equations are the vertical 

boundary-layer equations 

a4J aT a27 a@,$) _=- -= 
ax4 ax' ax2 

-. 
ah3 (34) 

These must be solved subject to 

Q$r=o on x=0 

1 

I 

(35) 

J=E=O, 7~1 onx=l 

i-4,, F-T, as z”-+co, (36) 

and, tentatively, 

l&o on z”=O. (37) 

It is expected that this last condition is needed to ensure 
a consistent solution near the horizontal wall, z = 0. 
The full conditions (14) cannot be satisfied because the 
highest derivatives in z are neglected in the equations 
(34)and thenecessary adjustmentsmust be provided by 
thinner horizontal layers. Asymptotic solutions of the 
vertical boundary-layer equations by Blythe et al. [28] 
suggest that the solutions of(34) subject to (35) and (37) 
have the behaviour 

$ N az -3/5, T N bT3/10 as 5 + 0, (38) 

forO<x<l. 
The horizontal momentum balance in (31) then 

suggests that an outer horizontal layer exists where z is 
3137 ofO(AI ). Appropriate local variables for this layer 

are Z, $ and T where 

z = A-3/372, $ N ,413/37& T- ~-‘2/3’T. (39) 

Then, from (31), 

a$ aT 
-=-3 a54 ax 

and, since the convective terms dominate in the heat 
equation, 

T = T(S). (41) 

This suggests the need for a further inner thermal layer 

in order to achieve the temperature condition at the 
base wal!, Provided that the solution of (40) and (41) 
satisfies $ = O(l) as Z + 0, the heat equation infers 
that this layer has thickness z of 0(A-‘91”‘). 

The complete solution of the horizontal layers 
requires a careful analysis of the flow in each corner 
of the end zone and this is deferred for future 
consideration. The main aim of the present work is to 
determine a quantitative measure ofthesize ofthe outer 
zone wherez is of O(A) since this will, in turn, provide an 
accurate estimate of the range of validity of the 
conductive solution in the slot. 

The vertical decay scale associated with the outer 
zone is found by setting 

T= T,+B(x)exp(-o?z”), IJ = $,+&x)exp(-E). 

(42) 

Substitution into (34) and linearisation gives the 
reduced eigenvalue problem 

C” = 0 (43) 

en-a?(ll/:e-+) = 0 (44) 

6 = 4 = I$’ = 0 on x = 0 and x = 1. (45) 

The same system can be derived from the full eigenvalue 
problem (22)-(24) by setting o = cc) and letting A --t cc 

with x - C/A. A numerical solution of(43H45)gave the 
first three eigenvalues as 

07 = 2.58 x 103, 2.31 x 104, 5.76 x 104. (46) 

The first two solutions correspond to the asymptotic 
behaviour (as A -+ co) ofthe two real branches shown in 
Fig. 1. The eigenfunctions 6 and 4 associated with the 
leading eigenvalue are shown in Fig. 2. The reason for 
the large values of oi in (46) can be seen from a simple 
WKB approximation to the system (43x45). Although 
the full problem is rather complicated the dominant 
balance [which is between the first two terms on the 
LHS of (44)] suggests a family of eigensolutions in 
which 

s 1 

&l/Z ( -I+#” dx _ nrc as n + co, (47) 
112 

FIG. 2. The eigenfunctions 0 and 4 associated with the leading 
eigenvalue a” = 2.58 x 103. 
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where n is an integer. The small numerical value of the consistent with the comment in [3] that these motions 

integral, are not connected with end effects. 

i 

1 Finally, comparison of (52), (29) and (30) shows that 

(- I,Q~‘~ dx = 0.0346, (48) at large Prandtl numbers the conductive instabilities 
112 are only likely to be relevant in slots for which 

then leads to the result that for large n successive values h > 12.2~ (stationary modes), (55) 
of di’/’ should be separated by approx. 90.8. This 
compares very favourably with the actual values or 

I?” = 50.8, 152, 240 (49) 
h > 14.6~“’ (oscillatory modes). (56) 

It should be noted that these results are based on the 
obtained from (46). 

The leading eigenvalue in (46) determines the length 
failure of the conductive solution throughout the entire 

scale associated with the outer convective zone; a 
slot. According to the analysis of Section 4, the 

double e-folding scale representing a decay to within 
conductive solution remains intact longest in the 

about 13.5% of the limiting form is 
vicinity of the mid-level of the slot as the Rayleigh 
number is increased, and conditions for the validity of 

z _ 2A/oi = A/1290, (50) 
the conductive solution near the ends of the slot would 
require even larger numerical factors in (55) and (56). 

and, based on this, the convective end zones effectively The results (55), (56) are consistent with the absence of 

replace the conductive solution throughout the slot the conductive instability in the experiments of [3] 

when where the Prandtl number was typically of the order of 

h/2 - A/1290. (51) 
103. The oscillatory mode would require a slot with 
vertical aspect ratio h 2 462 while the stationary mode 

Thus the conductive regime is completely destroyed would require h 2 12,200. If (52) is also assumed 

when applicable at lower Prandtl numbers (where the 

A 2 645h. 
stationary instability is preferred) the result (55) will still 

(52) be relevant since the condition for stationary instability 
is given by (29) for virtually all Prandtl numbers. The 

5. DISCUSSION 
conductive instability is then predicted to occur in a 
water-filled slot (a = 7.1) if h 2 87 and in an air-filled 

The end-zone penetration measured by the slot (c = 0.72) if h 2 8.8. 
condition (52) leads to the second significant flow 
regime in the slot; this is the convective regime where 
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TRANSITION AU REGIME DE CONVECTION DANS UNE FENTE VERTICALE 

R&.mnC-La cessation du regime conductif dans une fente verticale chauffee lattralement est associee a la 
penetration des effets convectifs non lintaires a partir des extremitbs. Cette penetration peut se faire de deux 
faconsentiirement d~~rentes,selonlenombredePrandtldufluideetlerapportdeformedelafente.Auxpetits 
nombres finis de Prandtl elle prend la forme d’une bifurcation imparfaite a la valeur critique du nombre de 
Rayleigh, conduisant a l’ltablissement d’un &tat multicellulaire a travers la fente. Aux plus grands nombres de 
Prandtl, il y a un mecanisme de transition dans lequel les effets convectifs p&&rent graduellement lorsque le 
nombre de Rayleigh augmente. Dans ce cas, la solution d'un probEme B valeurs propres fournit une mesure 

quantitative de latransition queconduit au‘rtgimede convection'dans la fente. 

DAS EINSETZEN VON KONVEKTION IN EINEM SENKRECHTEN SPALT 

Znsammenfassuog-Es wird gezeigt, daB das Zusammenbrechen der reinen Wlrmeleitung in einem seitlich 
beheizten senkrechten Spalt mit dem Eindrigen von nichtlinearen Konvektionseffekten vom Ende des Spalts 
her zusammenhangt. Dieses Eindringen kann aufzwei sehr unterschiedliche Arten auftreten,je nach Prandtl- 
Zahl des Fluids und Langen- zu Dicken-Verhlltnis des Spalts. Bei endlich kleinen Prandtl-Zahlen nimmt es die 
Form einer unvollstandigen Gabelung an, wenn ein kritischer Wert der Rayleigh-Zahl erreicht ist. Dies fiihrt 
zum Entstehen von mehrfachen Konvektionswalzen im gesamten Spalt. Bei griiBeren Prandtl-Zahlen findet 
der ubergang durch allmahliches Vordringen der Konvektionseffekte mit zunehmender Rayleigh-Zahl statt. 
In diesem Fall fiihrt die Losung des Eigenwertproblems zu einem quantitativen MaD fur den obergang, was 

zum sogenannten ‘Konvektionsgebiet’ im Spalt fiihrt. 

IIEPEXOA K KOHBEKTHBHOMY PETHMY B BEPTHKAJIbHOfi IIIEJIH 

AmoTaqHn-~oKasaao,4~0 aapymemie pe*wa Tennorxpoaomiocr~ B HarpeBaeMofi c60~y BepTnKanb- 

HOfi meJIll CBK3aHO C pa3BEiTHeM BHyTpH IIWIII HeJIHHeiiHOii KOHBeKuBEi, 06ycnoBneHHofi KOHueablMA 

S$@eKTaMri. 310 pa3BkiTHC MOXeT upO&iCXOLViTb nByMR pa3JWiHbIMU cnoco6awi, 3aBUCamAMB OT 

WCJIa @aHnTnR XWLIKOCTU II OTHOmeHBl CTOpOH meJIB. np&I KOHeYHOM U ManOM 4HC,IaX ,@aH,.(T,EJ 

OH0 np&XBOIWTK 6n@ypKauaa, KOriTa npEiKpHTWfeCKOM3Ha4eHUEi WiCJIa P3JIeSIyCTaHaBJl&iBaeTCRpeWfM 

c rrvelrcroiic~py~~ypofi no Bceii mena. npH 6onbmax wcnax ~paHnTnrcymecTeyeTnpyroii nepexon- 

HbIii lIpOueCC,npHKOTOpOMCpOCTOM YUCJIa P3JIeKBJIliRH&ieKOHBeKTUBHbIX Y&&KTOE yBeJIWWiBaeTC%B 

3TOM CJIyVae pemeHAe 3anaWi Ha OTbICKaHHe CO6CTBeHHbIX 3Ha'feHIfti 06eCneWiBaeT Ka',eCTBeHHbIfi KpW 

TepHii ncpcXOJ.(HOrO pe9HMa. KOTOpbIii np&iBOLViT K TaK Ha3bIBaeMOMy 'KOHBeKTHBHOMy PeXWMy' 

6 4ena. 


